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ABSTRACT
The flat plane condition [1] defines the shape of the ground-state energy

surface with respect to variations in electron count N and certain limited varia-
tions in magnetisationM . The violation of this exact condition has been directly
linked to poor performance in the prediction of band gaps, molecular dissocia-
tion, and electronic transport by standard XC approximations. We derived the
tilted plane condition [2], a generalisation of the flat plane condition as exem-
plified in Fig. 1, which rigorously defines the energy surface for all values of N
and M . The magnetic analog of the DFT Koopmans’ theorem is also derived as
a corollary. From this condition we show that energy functionals of occupancies
must take different forms depending on symmetry-imposed degeneracies. We
will also highlight our recent proof of the long-assumed convexity condition of
DFT [3], which lifts a standing assumption in the piecewise linearity condition
with respect to electron count.
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In[3152]:= Show[Plot3D[tiltedplane[x, y], {x, -6, 6}, {y, -4, 0},
ColorFunction → "Rainbow", PlotPoints → 100, Mesh → None,
PlotRange → {Automatic, Automatic, {0.000001, 2.1}},
Lighting → {"Ambient", White}, ImageSize → Large,
ViewPoint → {0, 0, -Infinity}, Axes → {True, True, False},
AxesLabel → {"Magnetization", Rotate["Charge", 4.71],},
Boxed → True, TicksStyle → Directive[Black, Bold, Thickness[0.007]],
Ticks → {{{-6, 6}, {-5, 5}, {-4, 4}, {-3, 3}, {-2, 2}, {-1, 1},

0, {1, -1}, {2, -2}, {3, -3}, {4, -4}, {5, -5}, {6, -6}},
{{0, 0}, {-1, 1}, {-2, 2}, {-3, 3}, {-4, 4}}},

BoxStyle → Directive[Black, Thickness[0.008]],
LabelStyle → Directive[Black, Bold, FontSize → 25],
AxesStyle → Thick, ClippingStyle → None],

Graphics3D[Thickness[0.008], Line[{{6, 8, 0.1}, {-6, 8, 0.1}}]],
Graphics3D[Line[{{-6, 0, 0.1}, {6, 0, 0.1}}], Thick],
Graphics3D[Line[{{-5, -1, 0.1}, {5, -1, 0.1}}], Thick],
Graphics3D[Line[{{-4, -2, 0.1}, {4, -2, 0.1}}], Thick],
Graphics3D[Line[{{-3, -3, 0.1}, {3, -3, 0.1}}], Thick],
Graphics3D[Line[{{-2, -4, 0.1}, {2, -4, 0.1}}], Thick],
Graphics3D[Line[{{-2, -4, 0.1}, {-6, 0, 0.1}}], Thick],
Graphics3D[Line[{{2, -4, 0.1}, {6, 0, 0.1}}], Thick], AspectRatio → 0.4]
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In[5683]:= Show[Plot3D[tiltedplane[x, y], {x, -7, 7}, {y, -4, 0},
ColorFunction → "Rainbow", PlotPoints → 100, Mesh → None,
PlotRange → {Automatic, Automatic, {0.000001, 2.1}},
Lighting → {"Ambient", White}, ViewPoint → {0, 0, -Infinity},
ImageSize → Large, Axes → {True, True, False},
AxesLabel → {"Magnetization", Rotate["Charge", 4.71],},
Boxed → True, TicksStyle → Directive[Black, Bold, Thickness[0.007]],
Ticks → {{{-7, 7}, {-6, 6}, {-5, 5}, {-4, 4}, {-3, 3}, {-2, 2}, {-1, 1},

0, {1, -1}, {2, -2}, {3, -3}, {4, -4}, {5, -5}, {6, -6}, {7, -7}},
{{0, 0}, {-1, 1}, {-2, 2}, {-3, 3}, {-4, 4}}},

BoxStyle → Directive[Black, Thickness[0.008]],
LabelStyle → Directive[Black, Bold, FontSize → 25],
AxesStyle → Thick, ClippingStyle → None],

Graphics3D[Thickness[0.008], Line[{{6, 8, 0.1}, {-6, 8, 0.1}}]],
Graphics3D[Line[{{-7, 0, 0.1}, {7, 0, 0.1}}], Thick],
Graphics3D[Line[{{-6, -1, 0.1}, {6, -1, 0.1}}], Thick],
Graphics3D[Line[{{-5, -2, 0.1}, {5, -2, 0.1}}], Thick],
Graphics3D[Line[{{-4, -3, 0.1}, {4, -3, 0.1}}], Thick],
Graphics3D[Line[{{-3, -4, 0.1}, {3, -4, 0.1}}], Thick],
Graphics3D[Line[{{-3, -4, 0.1}, {-7, 0, 0.1}}], Thick],
Graphics3D[Line[{{3, -4, 0.1}, {7, 0, 0.1}}], Thick],
Graphics3D[Line[{{6, -1, 0.1}, {5, 0, 0.1}}], Thick],
Graphics3D[Line[{{-6, -1, 0.1}, {-5, 0, 0.1}}], Thick], AspectRatio → 0.4]
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In[5394]:= Show[Plot3D[tiltedplane[x, y], {x, -7, 7}, {y, -4, 0},
ColorFunction → "Rainbow", PlotPoints → 100, Mesh → None,
PlotRange → {Automatic, Automatic, {0.000001, 2.1}},
Lighting → {"Ambient", White}, ImageSize → Large,
ViewPoint → {0, 0, -Infinity}, Axes → {True, True, False},
AxesLabel → {"Magnetization", Rotate["Charge", 4.71],},
Boxed → True, TicksStyle → Directive[Black, Bold, Thickness[0.007]],
Ticks → {{{-7, 7}, {-6, 6}, {-5, 5}, {-4, 4}, {-3, 3}, {-2, 2}, {-1, 1},

0, {1, -1}, {2, -2}, {3, -3}, {4, -4}, {5, -5}, {6, -6}, {7, -7}},
{{0, 0}, {-1, 1}, {-2, 2}, {-3, 3}, {-4, 4}}},

BoxStyle → Directive[Black, Thickness[0.008]],
LabelStyle → Directive[Black, Bold, FontSize → 25],
AxesStyle → Thick, ClippingStyle → None],

Graphics3D[Thickness[0.008], Line[{{6, 8, 0.1}, {-6, 8, 0.1}}]],
Graphics3D[Line[{{-6, 0, 0.1}, {6, 0, 0.1}}]],
Graphics3D[Line[{{-7, -1, 0.1}, {7, -1, 0.1}}]],
Graphics3D[Line[{{-6, -2, 0.1}, {6, -2, 0.1}}]],
Graphics3D[Line[{{-5, -3, 0.1}, {5, -3, 0.1}}]],
Graphics3D[Line[{{-4, -4, 0.1}, {4, -4, 0.1}}]],
Graphics3D[Line[{{-4, -4, 0.1}, {-7, -1, 0.1}}]],
Graphics3D[Line[{{4, -4, 0.1}, {7, -1, 0.1}}]],
Graphics3D[Line[{{6, 0, 0.1}, {7, -1, 0.1}}]],
Graphics3D[Line[{{-6, 0, 0.1}, {-7, -1, 0.1}}]],
Graphics3D[Line[{{-6, 0, 0.1}, {-4, -2, 0.1}}]],
Graphics3D[Line[{{6, 0, 0.1}, {4, -2, 0.1}}]],
Graphics3D[Line[{{6, 0, 0.1}, {4, -2, 0.1}}]],
Graphics3D[Line[{{-6, -2, 0.1}, {-4, 0, 0.1}}]],
Graphics3D[Line[{{6, -2, 0.1}, {4, 0, 0.1}}]],
Graphics3D[Line[{{5, -3, 0.1}, {4, -2, 0.1}}]],
Graphics3D[Line[{{-5, -3, 0.1}, {-4, -2, 0.1}}]], AspectRatio → 0.4]
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Figure 1: The projection of the Ev[N,M ] surface of the oxygen,
chromium, manganese and iron atoms onto the N −M plane.
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