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ABSTRACT 

Approximate exchange-correlaAon (XC) funcAonals are known to break the piecewise 
linearity condiAon with respect to electron count [1] and the constancy condiAon 
with respect to magneAsaAon [2] causing many-electron self interacAon error (MSIE) 
and staAc correlaAon error (SCE), respecAvely. We derive a DFT+U type funcAonal 
directly from the flat-condiAon [3], and prove its uniqueness. For selected subspaces, 
this can miAgate both MSIE and SCE using correcAve parameters evaluated in situ 
using the spin-indexed minimum-tracking linear response method [4].  

The correcAve funcAonal ‘BLOR’ yields near exact total energies for dissociated s-
block dimers, systems which prototypically suffer from significant MSIE and SCE, with 
relaAve errors in the total energy below 0.6%. Uncorrected PBE and PBE+U (using the 
widely-used Dudarev 1998 Hubbard funcAonal) yield relaAve energeAc errors as high 
as 8.0% and 20.5%, respecAvely. The new correcAve funcAonal also yields near exact 
total energies for the triplet H5

+ ring, a stringent non KS-degenerate test system 
where MSIE, SIE and a newly-classified error, termed asymmetric-MSIE, are acAve.  

 
Fig.1: Spin-occupancy dependent terms in the flat-plane derived DFT+U like energy 
funcAonal BLOR for (leg) symmetric-only MSIE, (middle) SCE, and (right) all MSIE. 
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FIG. 2. The left panel presents the symmetric-MSIE term for an s-orbital subspace as a function of spin up (n�) and spin down
(n⌫) subspace occupancy. The centre panel presents the SCE term as a function of n� and n⌫. The right panel presents the
sum of the symmetric-MSIE and asymmetric-MSIE terms as a function of n� and n⌫.

when an e↵ective magnetic field acts on the subspace.
In this case, we cannot assume that the curvatures U

�

and U
⌫ are equal in magnitude. This e↵ective magnetic

field may be caused by an external magnetic field acting
on the isolated atomic site. More notably, in practical
calculations the target subspace will not be entirely iso-
lated from its surrounding environment, such as the 3d
subspace of face-centered cubic nickel. The 3d atomic
subspace will experience an internal exchange-correlation

magnetic field from the surrounding nickel atoms and
hence we expect that U � 6= U

⌫ for this system. The dif-
ference in magnitude is accounted for in the asymmetric-
MSIE term. The combination of the symmetric- and
asymmetric-MSIE terms is depicted in the right panel
of figure 2, which unlike the left panel, shows a di↵er-
ent curvature along the maximally spin up polarised line
compared to the maximally spin down polarised line.

BLOR can also be expressed in terms of subspace oc-
cupancy matrix elements as:
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BLOR has many similarities with existing function-
als. For example, Himmetoglu’s [38] DFT+U + J func-
tional was recently modified by Bajaj et al [39, 40] to
obtain jmDFT, a functional designed to correct for de-
viations from the global flat plane condition. However,
jmDFT fails to satisfy conditions 3 and 4. Meanwhile,
setting U

� = Ue↵ , the first two terms of BLOR in the
lower-half plane are equal to Dudarev’s 1998 Hubbard
functional. Furthermore, for non-spin polarised systems
we have that U

� = U
⌫ = U � J and the BLOR func-

tional in the lower half plane simplifies to Moynihan et
al’s DFT+U+J method with self consistent formulae for
the U and J parameters [41].

Before BLOR is applied to test systems, the corrective
parameters U� and J must first be carefully chosen. Our
aim is to use BLOR to explicitly enforce the EHxc flat
plane condition on localized states embedded within a
material environment. To achieve this, one can define the

local curvature with respect to the spin resolved subspace
occupancy n

� as:
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and with respect to the subspace magnetisation as:
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where N & M are the subspace electron count and mag-
netisation, and ⇢loc(r) is the electron density associated
with the localized electrons. By explicitly enforcing the
EHxc flat plane condition on localized states we have im-
plicitly assumed that all local curvature is spurious [32].
This is true for an ensemble of isolated atomic/molecular
species but in most practical cases this is an approxima-
tion.


